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Abstract. We compare nuclear forces derived from chiral effective field theory (EFT) with those obtained
from traditional (phenomenological and meson) models. By means of a careful analysis of paralleles and
differences, we show that chiral EFT is superior to all earlier approaches in terms of both formal aspects and
successful applications in ab initio calculations. However, in spite of the considerable progress made possible
by chiral EFT, complete satisfaction cannot be claimed until outstanding problems—the renormalization
issue being the most important one—are finally settled.
PACS. XX.XX.XX No PACS code given
1 Introduction
As the Editors of this Topical Issue point out in the Pref-
ace, the nuclear theory of the past was nothing but an
omnium-gatherum of models. This is very unsatisfactory
in view of the traditional goal of theoretical physics, namely,
to develop theories that are reductionist, unifying, and
fundamental. However, the gap between the jumble of nu-
clear models and the holy grail of theory is so wide that
there is no hope to overcome it any time soon. This is
where the notions of emergence and effectiveness (effective
theories) enter the picture. They provide a compromise as
well as a more realistic aim. Beyond that, it may even
be true that a field as complex as nuclear physics may,
by its intrinsic nature, never be amenable to the ideals
of the epistomological purist. Thus, effective theories may
represent the highest level of understanding that we may
ever be able to achieve for nuclear physics phenomena.
In this spirit, the past quarter century has seen progress
in nuclear theory in terms of the development of effective
theories. The chaos of the models of the past has been
redesigned and absorbed into the organized structures of
effective (field) theories. Ideas and mechanisms already
contained in some of those models are put on more funda-
mental grounds and arranged within the proper order that
effective field theories (EFTs) typically provide. Abandon-
ing pure phenomenology and reordering valid ideas within
a systematic scheme are the novel and progressive steps.
Nuclear theory has essentially two ingredients: nuclear
forces and many-body methods/models. This contribution
will be about the nuclear force part of the story. We will
explain how, within an EFT, the plurality of past nuclear
force models is replaced by a systematic scheme reflect-
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ing the essential phenomenology that the models tried to
catch. EFT discards unacceptable phenomenology and re-
tains and reformulates the remainder in the framework of
proper order—this order being characterized by symme-
tries and some form of systematic expansion based upon
an appropriate scale.
The bottom line question will be: Is the EFT approach
to nuclear forces more satisfying from the theoretical point
of view than the previous multitude of models? We will
address this question at the end of this contribution.
To facilitate ease of understanding, we subdivide the
flow of information into the following three historical eras:
– Era I (1935 − 1960): “Fundamental” theories for nu-
clear forces,
– Era II (1960− 2000): Diverse nuclear force models,
– Era III (1990− today): Chiral EFT of nuclear forces.
Era III overlaps with Era II, because the dawn of EFT
occured during the dusk of intense model construction.
The irony in the history of the theory of nuclear forces
is that, originally (during Era I), the goal was the tradi-
tional one, namely, to pursue a unifying and fundamental
(field) theory. Meson theory offered to be the best can-
didate, but could ultimately not satisfy the basic require-
ments for a valid field theory. That should have suggested,
early on (already around 1960), to switch to the concept
of EFT. However, this framework did not get established
until the 1980’s, although ideas that in modern language
could be called EFT concepts were already advanced in
the 1960’s [1,2,3,4,5]. The ultimate reason for the failure
of meson theory is, of course, that the fundamental theory
of strong interactions (QCD) involves quarks and gluons
rather than nucleons and mesons.
This paper is organized such that further sections fol-
low the above stated historical phases and end with con-
clusions in sect. 5.
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2 Era I (1935 – 1960): “Fundamental”
theories for nuclear forces
In 1935, the Japanese physicist Hideki Yukawa [6] sug-
gested that nucleons would exchange particles between
each other and this mechanism would create the nuclear
force. Yukawa constructed his theory in analogy to the the-
ory of the electromagnetic interaction where the exchange
of a (massless) photon is the cause of the force. However,
in the case of the nuclear force, Yukawa assumed that the
“force makers” (which were eventually called “mesons”)
carry a mass equal to a fraction of the nucleon mass. This
would limit the effect of the force to a finite range. Similar
to other theories that were floating around in the 1930’s
(like the Fermi-field theory [7]), Yukawa’s meson theory
was originally meant to represent a unified field theory for
all interactions in the atomic nucleus (weak and strong,
but not electromagnetic). But after about 1940, it was
generally agreed that strong and and weak nuclear forces
should be treated separately.
Yukawa’s proposal did not receive much attention un-
til the discovery of the muon in cosmic ray [8] in 1937 after
which the interest in meson theory escalated. In his first
1935 paper, Yukawa had envisioned a scalar field theory,
but when the spin of the deuteron ruled that out, he con-
templated vector fields [9]. Kemmer considered the whole
variety of non-derivative couplings for spin-0 and spin-1
fields (scalar, pseudoscalar, vector, axial-vector, and ten-
sor) [10]. By the early 1940’s, the pseudoscalar theory was
gaining popularity, since it appeared more suitable for the
deuteron (quadrupole moment). In 1947, a strongly inter-
acting meson was found in cosmic ray [11] and, in 1948, in
the laboratory [12]: the isovector pseudoscalar pion with
mass around 138 MeV. It appeared that, finally, the right
quantum of strong interactions had been found.
Originally, the meson theory of nuclear forces was per-
ceived as a fundamental relativistic quantum field the-
ory (QFT), similar to quantum electrodynamics (QED),
the exemplary QFT that was so successful. In this spirit,
much effort was devoted to pion field theories in the early
1950’s [13,14,15,16,17,18]. Ultimately, all of these meson
QFTs failed. In retrospect, they would have been replaced
anyhow, because mesons and nucleons are not elemen-
tary particles and QCD is the correct QFT of strong in-
teractions. However, the meson field concept failed long
before QCD was proposed since, even when considering
mesons as elementary, the theory was beset with prob-
lems that could not be resolved. Assuming the renormal-
izable pseudoscalar (γ5) coupling between pions and nucle-
ons, large virtual pair terms emerged from the theory, but
were not confirmed experimentally in pion-nucleon (piN)
or nucleon-nucleon (NN) scattering. Using the pseudo-
vector or derivative coupling (γ5γ
µ∂µ), these pair terms
were suppressed, but this type of coupling was not renor-
malizable [16]. Moreover, the large coupling constant (g2pi/4pi ≈
14) made perturbation theory unsuitable. Last not least,
the pion-exchange potential contained unmanageable sin-
gularities at short distances.
The above problems led the theorists of the time to
abandon quantum field theories for the strong interaction.
Instead, S-matrix and dispersion theories became popular,
since thay do not start from a Lagrangian.
Ideas which, in today’s terminology, would be charac-
terized as EFT inspired, emerged as early as 1967. Wein-
berg showed that the results of current algebra could be
reproduced by starting from a suitable “phenomenolog-
ical” Langrangian and evaluating Feynman diagrams at
tree level [1,2]. At first, this was not taken very seriously
as a dynamic theory, because the derivative coupling con-
tained in that Lagrangian was not renormalizable, such
that it did not seem possible to go beyond tree level. Only
about a decade later [3], it was realized that, if the Lan-
grangian includes all terms consistent with the assumed
symmetries, there will always be a counter term to renor-
malize the result at the given order [3]. In this sense, “Non-
renormalizable theories, ..., are just as renormalizable as
renormalizable theories.” [5]
After Weinberg’s 1979 paper [3], the EFT approach to
pipi and piN scattering was picked up by Gasser, Leutwyler,
and others [19,20]. Finally, around 1990 and, again, upon
the initiative by Weinberg, also the NN problem was con-
sidered in terms of an EFT [21,22,23,24,25].
Thus, for the above rather intriguing reasons, we are
faced with a large gap in the history of truly fundamental
approaches to nuclear forces that lasted from about 1960
to 1990. Instead, during this time, a plurality of models
were proposed.
3 Era II (1960 – 2000): Diverse nuclear force
models
To bring some order into the large variety of nuclear force
models developed during this period, it is convenient to
distinguish between pure phenomenology and meson mod-
els. However, it should be noted that, because the impor-
tance of the one-pion exchange (1PE) was recognized as
early as 1956 [26], all nuclear force models include 1PE
to describe the long-range part of the nuclear force since
around 1960. Thus, the difference between the various
models has essentially to do with how they describe the
intermediate and short range parts of the force.
3.1 Purely phenomenological NN potentials
The first semi-quantitative phenomenological NN poten-
tial is the one by Gammel and Thaler [27], which was
followed by the more quantitative Hamada-Johnston [28]
and Reid [29] potentials. To describe the short-range, the
former two potentials apply a repulsive (infinite) hard
core, while the Reid potential comes in hard- and soft-
core versions. The Hamada-Johnston potential was used
frequently in the 1960’s, and the Reid soft-core poten-
tial became the most popular potential of the 1970’s. The
construction of purely phenomenological NN potentials
continued through the 1980’s and 90’s with the Urbana
v14 (UV14) [30], the Argonne v14 (AV14) [31], and the
Argonne v18 (AV18) [32] potentials.
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Fig. 1. The one-boson-exchange model for the NN interac-
tion. Solid lines denote nucleons and the dashed line represents
mesons. The δ signifies the a0 meson.
3.2 Meson models for the NN interaction
Around 1960, rich phenomenlogical knowledge about the
NN interaction had accumulated due to systematic mea-
surements of NN observables [33] and advances in phase
shift analysis [34]. Clear evidence for a repulsive core and a
strong spin-orbit force emerged [27]. This lead Sakurai [35]
and Breit [36] to postulate the existence of a neutral vec-
tor meson (ω meson), which would create both these fea-
tures. Furthermore, Nambu [37] and Frazer and Fulco [38,
39] showed that the ω meson and a 2pi P -wave resonance
(ρ meson) would explain the electromagnetic structure of
the nucleons. Soon after these predictions, heavier (non-
strange) mesons were found in experiment, notably the
vector (spin-1) mesons ρ(770) and ω(782) [40,41]. It then
became fashionable to add these newly discovered mesons
to the meson theory of the NN interaction. However,
to avoid the problems with multi-meson exchanges and
higher order corrections encountered during Era I, the
models only allowed for single exchanges of heavy mesons
(i. e., lowest order). In addition, one would multiply the
meson-nucleon vertices with form factors (“cutoffs”) to
remove the singularities at short distances. Clearly, these
were models motivated by the meson-exchange idea—not
QFT. The simpler versions of this kind became known as
the one-boson-exchange (OBE) models, which were started
in the early 1960’s [42,43,44]1 and turned out to be very
successful in describing the phenomenology of the NN in-
teraction. Their popularity extended all the way into the
1990’s [46,47,48].
3.2.1 The One-Boson-Exchange Model
A typical one-boson-exchange model includes about half
a dozen of bosons with masses up to about 1 GeV, fig. 1.
Not all mesons are equally important. The leading actors
are the following four particles:
– The pseudoscalar pion with a mass of about 138 MeV
and isospin I = 1 (isovector). It is the lightest meson
and provides the long-range part of the potential and
most of the tensor force.
1 The research devoted to the NN interaction during the
1960’s has been thoroughly reviewed by Moravcsik [45].
Fig. 2. The 2pi-exchange contribution to the NN interaction
as viewed by dispersion theory. Solid lines represent nucleons
and dashed lines pions. Further explanations are given in the
text.
– The isovector ρmeson, a 2pi P -wave resonance of about
770 MeV. Its major effect is to cut down the pion ten-
sor force at short range.
– The isoscalar ω meson, a 3pi resonance of 782 MeV
and spin 1. It creates a strong repulsive central force
of short range (‘repulsive core’) and the nuclear spin-
orbit force.
– The scalar-isoscalar f0(500) or σ boson with a mass
around 500 MeV. It provides the crucial intermediate
range attraction necessary for nuclear binding. Its in-
terpretation as a particle is controversial [49]. It may
also be viewed as a simulation of effects due to corre-
lated S-wave 2pi-exchange.
Obviously, just these four mesons can produce the major
properties of the nuclear force.2
Classic examples for OBE potentials (OBEPs) are the
Bryan-Scott potentials started in the early 1960’s [42,43,
44], but soon many other researchers got involved [51,52,
53]. Since it is suggestive to think of a potential as a func-
tion of r (where r denotes the distance between the centers
of the two interacting nucleons), the OBEPs of the 1960’s
where represented as local r-space potentials. Some groups
continued to hold on to this tradition and, thus, the con-
struction of improved r-space OBEPs continued well into
the 1990’s [46].
An important advance during the 1970’s was the de-
velopment of the relativistic OBEP [54,55,56,57,58,59,60,
61,62]. In this model, the full, relativistic Feynman am-
plitudes for the various one-boson-exchanges are used to
define the potential. These nonlocal expressions do not
pose any numerical problems when used in momentum
space and allow for a more quantitave descripton of NN
scattering. The high-precision CD-Bonn [48] as well as the
Stadler-Gross [63] potentials are of this nature.
2 The interested reader can find a pedagogical introduction
into the OBE model in sections 3 and 4 of ref. [50].
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Fig. 3. Field-theoretic model for the 2pi-exchange. Notation
as in fig. 2. Double lines represent isobars. The hatched circles
are pipi correlations. Further explanations are given in the text.
3.2.2 Beyond the OBE approximation
Historically, one must understand that, after the failure
of the pion theories in the 1950’s, the OBE model was
considered a great success in the 1960’s [51,52].
On the other hand, one has to concede that the OBE
model is a great simplification of the complicated scenario
of a full meson theory for the NN interaction. Therefore,
in spite of the quantitative success of the OBEPs, there
should be concerns about the approximations involved in
the model. Major critical points include:
– The scalar isoscalar σ ‘meson’ of about 500 MeV,
– neglecting all non-iterative diagrams,
– the role of meson-nucleon resonances.
Two pions, when ‘in the air’, can interact strongly.
When in a relative P -wave (L = 1), they form a proper
resonance, the ρ meson. They can also interact in a rel-
ative S-wave (L = 0), which gives rise to the σ boson.
Whether the σ is a proper resonance is controversial, even
though the Particle Data Group lists an f0(500) or σ(500)
meson, but with a width of 400-700 MeV [49]. It is for sure
that two pions have correlations, and if one doesn’t believe
in the σ as a two pion resonance, then one has to take
these correlations into account. There are essentially two
approaches that have been used to calculate these two-
pion exchange (2PE) contributions to the NN interaction
(which generates the intermediate range attraction): dis-
persion theory and field theory.
In the 1960’s, dispersion theory was developed out of
frustration with the failure of a QFT for strong interac-
tions in the 1950’s [18]. In the dispersion-theoretic ap-
proach, the NN amplitude is connected to the (empir-
ical) piN amplitude by causality (analyticity), unitarity,
and crossing symmetry. Schematically this is shown in
fig. 2. The full diagram (a) is analysed in terms of two
Fig. 4. piρ contributions to the NN interaction.
‘halves’ (b). The hatched ovals stand for all possible pro-
cesses which a pion and a nucleon can undergo. This is
made more explicit in (d) and (e). The hatched boxes rep-
resent baryon intermediate states including the nucleon.
(Note that there are also crossed pion exchanges which are
not shown.) The shaded circle stands for pipi re-scattering.
Quantitatively, these processes are taken into account by
using empirical information from piN and pipi scattering
(e. g., phase shifts) which represents the input for such
a calculation. Dispersion relations then provide the on-
shell NN amplitude, which — with some kind of plausi-
ble prescription — is represented as a potential. The Stony
Brook [64,65,66] and Paris [67,68,69] groups pursued this
approach. They could show that the intermediate-range
part of the nuclear force is, indeed, decribed fairly well
by the 2pi-exchange as obtained from dispersion integrals.
To arrive at a complete potential, the 2pi-exchange con-
tribution is complemented by one-pion and ω exchange.
Besides this, the Paris potential [70,71] contains a phe-
nomenological short-range part for r < 1.5 fm to improve
the fit to the NN data. The Paris NN potential was very
popular during the 1980’s.
A first field-theoretic attempt towards the 2pi-exchange
was undertaken by Lomon and Partovi [72]. Later, the
more elaborated model shown in fig. 3 was developed by
the Bonn group [73]. The model includes contributions
from isobars as well as from pipi correlations. This can
be understood in analogy to the dispersion relations pic-
ture. In general, only the lowest piN resonance, the so-
called ∆ isobar (spin 3/2, isospin 3/2, mass 1232 MeV),
is taken into account. The contributions from other res-
onances have proven to be small for the low-energy NN
processes under consideration. A field-theoretic model treats
the ∆ isobar as an elementary (Rarita-Schwinger) parti-
cle. The six upper diagrams of fig. 3 represent uncorrelated
2pi exchange. The crossed (non-iterative) two-particle ex-
changes (second diagram in each row) are important. They
guarantee the proper (very weak) isospin dependence due
to characteristic cancelations in the isospin dependent parts
of box and crossed box diagrams. Moreover, their contri-
bution is about as large as the one from the corresponding
box diagrams (iterative diagrams); therefore, they are not
negligible. In addition to the processes discussed, also the
correlated 2pi exchange has to be included (lower two rows
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of fig. 3). Quantitatively, these contributions are about as
sizable as those from the uncorrelated processes. Graphs
with virtual pairs are left out, because the pseudovector
(gradient) coupling is used for the pion, in which case pair
terms are small.
Besides the contributions from two pions, there are also
contributions from the combination of other mesons. The
combination of pi and ρ is particularly significant, fig. 4.
This contribution is repulsive and important to suppress
the 2pi exchange contribution at high momenta (or small
distances), which is too strong by itself.
The Bonn Full Model [73], includes all the diagrams
displayed in figs. 3 and 4 plus single pi and ω exchanges.
Having highly sophisticated models at hand, like the
Paris and the Bonn potentials, allows to check the ap-
proximations made in the simple OBE model. As it turns
out, the complicated 2pi exchange contributions to theNN
interaction tamed by the piρ diagrams can well be simu-
lated by the single scalar isoscalar boson, the σ, with a
mass around 550 MeV. In retrospect, this fact provides
justification for the simple OBE model.
The most important result of Era II is that meson ex-
change is an excellent phenomenology for describing the
NN interaction. It allows for the construction of very
quantitative models. Therefore, the high-precision NN
potentials constructed in the mid-1990’s are all based upon
meson phenomenology [46,47,48]. However, with the rise
of QCD to the ranks of the authoritative theory of strong
interactions, it became more and more clear that meson-
exchange is to be seen as just a model.
3.3 Models for nuclear many-body interactions
Originally, it was hoped that the structure of finite nuclei
could be understood in terms of just the two-nucleon force
(2NF) [74]—if one would only find the “right” 2NF. How-
ever, in the course of the 1970’s, when more reliable micro-
scopic calculations became available, growing evidence ac-
cumulated that showed that it was impossible to saturate
nuclear matter at the right energy and density when ap-
plying only 2NFs [75,76,77,50]. Another problem was the
triton binding energy, which was considerably underpre-
dicted with the 2NFs available at the time [78,79]. These
failures were interpreted as an indication for the need of
nuclear many-body forces.
Strictly speaking, many-nucleon forces are an artefact
of theory. They are created by freezing out non-nucleonic
degrees of freedom contained in the full-fledged problem.
Examples are given in fig. 5. In part (a) of the figure,
the frozen degree of freedom is a nucleon resonance (here:
the ∆(1232) isobar with spin and isospin 32 ), in (b) an
antinucleon, and in (c) meson resonances (here: the σ and
ρ bosons).
The oldest examples of three-body forces are those de-
rived by Primakoff and Holstein [80] in 1939. They arise
from particle-antiparticle pairs, fig. 5(b), which, in a non-
relativistic model, are represented by three-body poten-
tial terms. While these forces turned out to be negligi-
ble for atomic systems, they were found to be sizable for
Fig. 5. Diverse three-nucleon force diagrams. Solid lines (nu-
cleons) are upward directed unless otherwise noted. Dashed
lines represent various mesons, as appropriate.
Fig. 6. 2pi-exchange three-nucleon force of the Tucson-
Melbourne type [93,94,95]. The shaded oval represents the
(off-shell) piN amplitude with the forward propagating Born
term subtracted.
nuclear systems [80]. This fact is demonstrated in the so-
called Dirac-Brueckner approach to nuclear matter [81,82,
83,84,85,86,87], where diagram 5(b) plays a crucial role.
Diagram (a) of fig. 5 was first considered by Fujita and
Miyazawa (FM) [88] in 1957, and both diagrams (a) and
(b) were taken into account by the Catania group [89].
Diagram (c), with all mesons involved of the scalar type,
was evaluated by Barshay and Brown [90] and found to
be fairly large.
For a reliable approach to three-nucleon forces (3NFs),
two aspects need to be considered: First, as far as possible,
one should take into account all processes that may cre-
ate a 3NF and, second, the strength of the contributions
should be consistent with their size in other hadronic re-
actions. In this context, it was noticed early on that the
internal parts of fig. 5(a)-(c) are major contributions to
pion-nucleon scattering [91,92]. This suggests the idea to
use the empirical piN amplitude as starting point, where
however the pions are on their mass shell. On the other
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Fig. 7. Energy per nucleon, E/A, as a function of density, ρ,
of symmetric nuclear matter. Black dashed curves represent
predictions applying purely phenomenologial 2NFs with UV14
referring to the Urbana v14 2NF [30] and AV18 signifying the
Argonne v18 2NF [32]. Solid black curves include phenomeno-
logical 3NFs with TM denoting the Tucson-Melbourne [94], UV
the Urbana V [100], and UIX the Urbana IX [101] 3NF models.
Red curves depict results from chiral EFT based forces [102,
103] (sect. 4). The shaded box marks the area in which empir-
ical nuclear matter saturation is presumed to occur.
hand, within a 3NF diagram, the pions are virtual and
space-like and, therefore, the amplitude must be extrapo-
lated off mass-shell. In the work of refs. [93,94,95], this is
accomplished by applying constraints based upon current
algebra and partial conservation of axial current (PCAC).
This approach has become known as the Tucson-Melbourne
(TM) 3NF, shown symbolically in fig. 6. The shaded area
in that figure contains everything that contributes to piN
scattering—except a positive-energy single-nucleon inter-
mediate state to avoid double counting, since the latter is
automatically generated by the iteration of the 1PE two-
nucleon force.
It is instructive to note that, for the 2PE 3NF, the
same dichotomy exists as for the 2PE contribution to
the 2NF (cf. sect. 3.2.2). The TM 3NF is based upon
dispersion theory, while the alternative, a field-theoretic
approach based upon Langrangians, was pursued by Ro-
bilotta and coworker [96], known as the Brazilian 3NF.
Moreover, in analogy to the piρ contributions to the
2NF (fig. 4), later work on the 3NF also included ρ-exchange
in the diagram of fig. 6 [97,98,99].
The attraction provided by the FM or TM 2PE 3NFs
has proven to be useful in explaining the binding energies
of light nuclei (particularly, 3H and 4He) which are, in gen-
eral, underbound when only 2NFs are applied. However,
this added attraction leads to overbinding and too high
a saturation density in nuclear matter (cf. fig. 7, curve
labeled UV14+TM). Therefore, some groups added a re-
pulsive short-range 3NF which ameliorates the problem,
4He energies obtained with the nonlocal CD-Bonn interac-
tion are closer to experiment than the predictions of local
models, but it is predicted that nuclear matter properties are
farther away.
It has been stressed by Friar !32" that the various repre-
sentations of v# are related by unitary transformations. It
should be possible to use these transformations to find the
appropriate current operators that will explain the deuteron
form factors with wave functions predicted by the nonlocal
models. These transformations will also generate three-body
forces accounting for the difference between energies ob-
tained from local and nonlocal models. Thus the deuteron
form factors do not exclude nonlocal representations of v i j .
However, it seems that the simplest realistic models of the
nuclear Hamiltonian may be obtained with local v i j , and
fortunately there is much less model dependence in these. In
the present paper we use the AV18 model o v i j ; h wever,
the other local models will presumably require similar Vi jk .
The two-nucleon interaction v i j depends both on the rela-
tive momentum p!(pi"pj)/2 and the total momentum P
!pi#pj f the interacting nucleo s. We can express it as
v i j! v˜ i j#$v%Pi j&, %2.7&
where $v(P!0)!0. The models discussed above give v˜ i j in
the P!0, center of momentum frame. In many calculations
the v˜ i j is used as an approximation to v i j by neglecting the
boost correction $v(Pi j). In fact terms dependent on p in-
cluded in v˜ i j are of the same order a those in $v(Pi j) de-
pendent on P !33". It is esse tial to i clude the $v(Pi j) to
obtain the true momentum dependence of the v i j . For ex-
ample, the electromagnetic interaction between two charges,
as well as the analogous vector-meson-exchange interaction
between two nucleons depends upon p1•p2!(1/4)P2"p2.
The v˜ includes only the p2 term, whil th P2 term is in $v .
The $v is related to v˜ and its leading term of order P2 is
given by
$v%P&!" P
2
8m2v˜
#
1
8m2 !
P•rP•“ , v˜"
#
1
8m2 !%
!1"!2&$P•“ , v˜" . %2.8&
The validity of the above equation, obtained by Friar !34", in
classical and quantum relativistic mechanics and in relativis-
tic field theory has been shown in Ref. !33".
The effects of the $v(Pi j) on the energies of 3H and 4He
!17" and nuclear matter !3" have been studied for the AV18
model using the variational method. This boost correction
gives a repulsive contribution in both cases. It increases the
triton energy by'0.4 MeV away from experiment, while the
nuclear matter equilibrium E0 and (0 move to "13.7 MeV
at 0.23 fm"3, which is closer to the empirical density, but
farther from the empirical energy. The variational Monte
Carlo %VMC& studies !17" of $v(Pi j) also show that the
dominant corrections come from the first and second terms
of Eq. %2.8& and that only the first six operator terms %the
static terms& of AV18 give substantial contributions. Accord-
ingly, we ignore the last term of Eq. %2.8& in this paper and
evaluate the first two for only the static parts of v˜ . Further-
more, it was shown that the terms arising from the deriva-
tives acting on operators in v˜ were negligible, so we do not
evaluate them here.
III. ILLINOIS MODELS OF Vijk
The Illinois Vi jk are expressed as
Vi jk!A2#PWOi jk2# ,PW#A2#SWOi jk2# ,SW#A3#)ROi jk3# ,)R#AROi jkR .
%3.1&
Their four terms represent the V2# ,PW, V2# ,SW, V3# ,)R, and
VR interactions with strengths A2#PW , A2#SW , A3#)R , and AR . In
the following sections we give the spin-isospin and spatial
operators associated with these interactions and the theoreti-
cal estimates of the strengths. In the older Urbana models
A2#PW is denoted by A2# , AR by U0, and the V2# ,SW and
V3# ,)R terms are absent.
A. V2" ,PW
The earliest model of V2# ,PW is due to Fujita and
Miyazawa !11", who assumed that it is entirely due to the
excitation of the ) resonance as shown in Fig. 2%a&. Neglect-
ing the nucleon and ) kinetic energies we obtain
A2#PW!"
2
81
f #NN2
4#
f#N)2
4#
m#2
%m)"mN&
, %3.2&
Oijk2# ,PW!*cyc %+Xi j ,X jk,+#i•#j ,#j•#k,#
1
4 !Xi j ,X jk"
$!#i•#j ,#j•#k" &, %3.3&
Xi j!T%m#ri j&Si j#Y %m#ri j&!i•!j , %3.4&
Y %x &!
e"x
x -Y%r &, %3.5&
T%x &!! 3x2# 3x #1 " Y %x &-T%r &. %3.6&
Here -Y(r) and -T(r) are short-range cutoff functions. We
note that the one-pion-exchange two-nucleon interaction
used in AV18 is given by
FIG. 2. Three-body force Feynman diagrams. The first %a& is the
Fujita-Miyazawa, %b& is two-pion S wave, %c& and %d& are three-pion
rings with one ) in intermediate states.
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Fig. 8. The three-body force Feynman diagrams that define
the Illinois 3NF [106], with (a) the Fujita-Miyazawa, (b) the
two-pion S-wave, a d (c) and (d) hree-pion exchange ring di-
agrams with one ∆ isobar in intermediate states. (Figure re-
produced from ref. [106] with permission.)
Fig. 9. Two-meson exchange 2NF diagram involving one ∆
isobar. The double slash on the intermediate nucleon line in-
dicates the change of th propagator in the nuclear medium.
but does not solve it [77,100] (fig. 7, curve UV14+UV).
In the work by the Urbana group, many versions of such
3NF we e developed with Urbana IX (UIX) being the most
popular one—applied in light nuclei, nuclear matter (fig. 7,
curve AV18+UIX), and neutron matter [101,104,105]. In
later work [106], the Urbana group extended their model
for the 3NF by including the 2pi-exchange S-wave contri-
bution (which according to ref. [107] can be sizable) plus
three-pion exchange ring diagrams with one ∆ excitation
(fig. 8). The p culiar spin and isospin dependencies of ∆-
ring diagrams were found to be helpful in the explanation
of spectra of light nuclei. This has become known as the
Illinois 3NFs [106], which so far have evolved up to Illinois-
7 (IL7) [108].
The 3NFs of the Urbana type, adjust d to the ground
state a d the spectra of light nuclei, do not saturate nu-
clear matter properly [100,105] (fig. 7)3 and severely un-
derbind intermediate-mass nuclei [112]. The AV18 2NF
plus IL7 3NF yield a pathological equation of state of pure
neutron matter [113]. In addition, the so-called Ay puzzle
of nucleon-deuteron scattering [114] is not resolved by any
of the phenomenological 3NFs [115].
3 In fact, the only miroscopic approach developed during
Era II that was able to explain nuclear matter saturation
was the relativistic Dirac-Brueckner-Hartree-Fock (DBHF)
method [81,82,83,84,85,86,87]. However, the DBHF approach
is unfit to account for the properties of finite nuclei across the
nuclear chart. Alternatively, relativistic [109,110] and nonrel-
ativistic [111] mean-field models were constructed to improve
the description of nuclear matter and finite nuclei. However,
these models are not ab initio and, therefore, not a topic of
this article.
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Last but not least, we also mention that models do
exist where the degree of freedom responsible for the gen-
eration of 3NF-like contributions is not frozen out. In the
work of Amorim and Tjon [85], the antinucleon degree of
freedom is treated consistently in a nuclear matter cal-
culation. Triton calculations in which the nucleon and
the ∆ isobar are regarded on an equal footing have been
performed by the Hannover group [116,117,118,119] and
Picklesimer and coworkers [120,121]. In such coupled sys-
tems, diagrams of the type displayed in fig. 8a, c, and d
(and many more which also include two and three ∆’s) are
generated automatically. A consistent treatment of the ∆
isobar also affects the two-nucleon force when inserted into
the nuclear medium, as indicated in fig. 9. This effect is
repulsive [122,123] and essentially cancels the attraction
produced by the∆-induced 3NF contributions, leaving ba-
sically no net effect [50,120,121].
The bottom line of Era II is that while excellent results
were obtained for phenomenological and meson-theoretic
2NFs, the 3NFs of the Era did rather poorely.
4 Era III (1990 – today): Chiral EFT of
nuclear forces
Quantum chromodynamics (QCD) is the theory of strong
interactions. It deals with quarks, gluons and their in-
teractions and is part of the Standard Model of Particle
Physics. QCD is a non-Abelian gauge field theory with
color SU(3) as the underlying gauge group. The non-
Abelian nature of the theory has dramatic consequences.
While the interaction between colored objects is weak at
short distances or high momentum transfer (“asymptotic
freedom”), it is strong at long distances ( >∼ 1 fm) or low
energies, leading to the confinement of quarks into color-
less objects, the hadrons. Consequently, QCD allows for a
perturbative analysis at high energies, whereas it is highly
non-perturbative in the low-energy regime, making ana-
lytic solutions difficult. Nuclear physics resides at low en-
ergies and deals with nucleons and mesons, rather than
quarks and gluons. This scenario calls for an EFT, for
which the following steps need to be taken:4
1. Identify the low- and high-energy scales.
2. Identify the degrees of freedom active at the low-energy
scale.
3. Recognize the relevant symmetries and their break-
ings.
4. Build the most general Lagrangian consistent with those
(broken) symmetries.
5. Organize an expansion in terms of low over high: Power
counting.
6. Guided by this expansion, evaluate Feynman diagrams
for the problem under consideration to the desired ac-
curacy.
Concerning scales, the large difference between the masses
of the pions and the masses of the vector mesons, like
4 For a more detailed introduction into (chiral) EFT, see e.g.
refs. [124,125,126,127].
ρ(770) and ω(782), provides a clue. From that observation,
one is prompted to take the pion mass as the identifier of
the soft scale, Q ∼ mpi, while the rho-meson mass sets the
hard scale, Λχ ∼ mρ ∼ 1 GeV, often referred to as the
chiral-symmetry breaking scale. The expansion will then
be in terms of Q/Λχ.
4.1 Effective Lagrangians
An important approximate symmetry of low-energy QCD
is chiral symmetry, because the up and down quarks are
almost massless. However, this symmetry is spontaneously
broken. The degrees of freedom relevant to nuclear physics
are pions (the Goldstone bosons of the spontanously bro-
ken symmetry) and nucleons. Since the interactions of
Goldstone bosons must vanish at zero momentum transfer
and in the chiral limit (mpi → 0), the low-energy expan-
sion of the effective Lagrangian is arranged in powers of
derivatives and pion masses. This effective Lagrangian is
subdivided into the following pieces,
Leff = Lpipi + LpiN + LNN + . . . , (1)
where Lpipi deals with the dynamics among pions, LpiN de-
scribes the interaction between pions and a nucleon, and
LNN contains two-nucleon contact interactions which con-
sist of four nucleon-fields (four nucleon legs) and no meson
fields. The ellipsis stands for terms that involve two nucle-
ons plus pions and three or more nucleons with or without
pions, relevant for nuclear many-body forces. The indi-
vidual Lagrangians are organized in terms of increasing
orders:
Lpipi = L(2)pipi + L(4)pipi + . . . , (2)
LpiN = L(1)piN + L(2)piN + L(3)piN + L(4)piN + . . . , (3)
LNN = L(0)NN + L(2)NN + L(4)NN + . . . , (4)
where the superscript refers to the number of derivatives
or pion mass insertions (chiral dimension) and the ellipses
stand for terms of higher dimensions. In the few-nucleon
sector, it is customary to use the heavy-baryon formula-
tion of the Lagrangians, the explicit expressions of which
can be found in refs. [124,128].
4.2 Power counting
An infinite number of Feynman diagrams can be evalu-
ated from the effective Langrangians and so one needs to
be able to organize these diagrams in order of their impor-
tance. Chiral perturbation theory (ChPT) provides such
organizational scheme.
In ChPT, graphs are analyzed in terms of powers of
small external momenta over the large scale: (Q/Λχ)
ν ,
whereQ is generic for a momentum (nucleon three-momentum
or pion four-momentum) or the pion mass, and Λχ ∼
1 GeV is the chiral symmetry breaking scale (hadronic
scale, hard scale). Determining the power ν has become
known as power counting.
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For the moment, we will consider only so-called irre-
ducible graphs. By definition, an irreducible graph is a di-
agram that cannot be separated into two by cutting only
nucleon lines. Following the Feynman rules of covariant
perturbation theory, a nucleon propagator carries the di-
mension Q−1, a pion propagator Q−2, each derivative in
any interaction is Q, and each four-momentum integra-
tion Q4. This is known as naive dimensional analysis or
Weinberg counting [22]. Applying some topological iden-
tities, one obtains for the power of an irreducible diagram
involving A nucleons [22,124]
ν = −2 + 2A− 2C + 2L+
∑
i
∆i , (5)
with
∆i ≡ di + ni
2
− 2 . (6)
In the two equations above: for each vertex i, C repre-
sents the number of individually connected parts of the
diagram while L is the number of loops; di indicates how
many derivatives or pion masses are present and ni the
number of nucleon fields. The summation extends over all
vertices present in that particular diagram. Notice also
that chiral symmetry implies ∆i ≥ 0. Interactions among
pions have at least two derivatives (di ≥ 2, ni = 0), while
interactions between pions and a nucleon have one or more
derivatives (di ≥ 1, ni = 2). Finally, pure contact interac-
tions among nucleons (ni = 4) have di ≥ 0. In this way, a
low-momentum expansion based on chiral symmetry can
be constructed.
Naturally, the powers must be bounded from below for
the expansion to converge. This is in fact the case, with
ν ≥ 0.
Furthermore, the power formula eq. (5) allows to pre-
dict the leading orders of connected multi-nucleon forces.
Consider a m-nucleon irreducibly connected diagram (m-
nucleon force) in an A-nucleon system (m ≤ A). The num-
ber of separately connected pieces is C = A−m+1. Insert-
ing this into eq. (5) together with L = 0 and
∑
i∆i = 0
yields ν = 2m − 4. Thus, two-nucleon forces (m = 2) ap-
pear at ν = 0, three-nucleon forces (m = 3) at ν = 2 (but
they happen to cancel at that order), and four-nucleon
forces at ν = 4 (they don’t cancel). More about this in
sect. 4.9.
For later purposes, we note that, for an irreducible NN
diagram (A = 2, C = 1), the power formula collapses to
the very simple expression
ν = 2L+
∑
i
∆i . (7)
To summarize, at each order ν we only have a well de-
fined number of diagrams, which renders the theory fea-
sible from a practical standpoint. The magnitude of what
has been left out at order ν can be estimated (in a crude
way) from (Q/Λχ)
ν+1. The ability to calculate observables
(in principle) to any degree of accuracy gives the theory
its predictive power.
4.3 The long- and intermediate-range NN potential
The long- and intermediate-range parts of the NN poten-
tial are built up from pion exchanges, which are ruled by
chiral symmetry. The various pion-exchange contributions
may be analyzed according to the number of pions being
exchanged between the two nucleons:
Vpi = V1pi + V2pi + V3pi + V4pi + . . . , (8)
where the meaning of the subscripts is obvious and the
ellipsis represents 5pi and higher pion exchanges. For each
of the above terms, we have a low-momentum expansion:
V1pi = V
(0)
1pi + V
(2)
1pi + V
(3)
1pi + V
(4)
1pi + V
(5)
1pi + V
(6)
1pi + . . .(9)
V2pi = V
(2)
2pi + V
(3)
2pi + V
(4)
2pi + V
(5)
2pi + V
(6)
2pi + . . . (10)
V3pi = V
(4)
3pi + V
(5)
3pi + V
(6)
3pi + . . . (11)
V4pi = V
(6)
4pi + . . . , (12)
where the superscript denotes the order ν of the expan-
sion.
At leading order (LO, ν = 0), only one-pion exchange
(1PE) contributes which is given by
V
(0)
1pi (p
′,p) = − g
2
A
4f2pi
τ1 · τ2 σ1 · q σ2 · q
q2 +m2pi
, (13)
where p′ and p denote the final and initial nucleon mo-
menta in the center-of-mass system, respectively. More-
over, q = p′ − p is the momentum transfer, and σ1,2 and
τ1,2 are the spin and isospin operators of nucleon 1 and
2, respectively. The parameters gA, fpi, and mpi denote
the axial-vector coupling constant, pion-decay constant,
and the pion mass, respectively. Commonly used values
are gA = 1.29, fpi = 92.4 MeV, and the average pion mass
mpi = 138 MeV. Higher order corrections to the 1PE are
taken care of by mass and coupling constant renormal-
izations. Note also that, on shell, there are no relativistic
corrections. Thus, the 1PE, eq. (13), applies through all
orders or, in other words, V1pi = V
(0)
1pi .
It is customary to take the charge-dependence of the
1PE due to pion-mass splitting into account, because it is
considerable. Thus, for proton-proton (pp) and neutron-
neutron (nn) scattering, one actually uses
V
(pp)
1pi (p
′,p) = V (nn)1pi (p
′,p) = V1pi(mpi0) , (14)
and for neutron-proton (np) scattering, one applies
V
(np)
1pi (p
′,p) = −V1pi(mpi0) + (−1)I+1 2V1pi(mpi±) , (15)
where I = 0, 1 denotes the total isospin of the two-nucleon
system and
V1pi(mpi) ≡ − g
2
A
4f2pi
σ1 · q σ2 · q
q2 +m2pi
, (16)
with mpi0 and mpi± signifying the masses of the neutral
and charged pions, respectively.
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Table 1. The piN LECs as determined in the Roy-Steiner-
equation analysis of piN scattering conducted in ref. [131,132].
The ci, d¯i, and e¯i are the LECs of the second, third, and fourth
order piN Lagrangian [128] and are in units of GeV−1, GeV−2,
and GeV−3, respectively. The uncertainties in the last digits
are given in parentheses after the values.
NNLO N3LO N4LO
c1 –0.74(2) –1.07(2) –1.10(3)
c2 — 3.20(3) 3.57(4)
c3 –3.61(5) –5.32(5) –5.54(6)
c4 2.44(3) 3.56(3) 4.17(4)
d¯1 + d¯2 — 1.04(6) 6.18(8)
d¯3 — –0.48(2) –8.91(9)
d¯5 — 0.14(5) 0.86(5)
d¯14 − d¯15 — –1.90(6) –12.18(12)
e¯14 — — 1.18(4)
e¯17 — — –0.18(6)
Two-pion exchange starts at next-to-leading order (NLO,
ν = 2), because it involves at least one loop [cf. eq. (7)],
and continues through all higher orders. Each additional
pion-exhange requires at least one more loop. Thus, three-
pion exchange (3PE) starts at next-to-next-to-next-to-leading
order (N3LO, ν = 4) and four-pion exchange (4PE) at
N5LO (ν = 6). With every order, the number of diagrams
increases dramatically and so do the mathematical for-
mulas representing them. A complete collection of all di-
agrams and formulas concerning the 2PE and 3PE con-
tributions through all orders from NLO to N5LO can be
found in refs. [129,130].
As obvious from figs. 2 and 6, there is a close con-
nection between the dynamics in the piN , the NN , and
the 3N -systems. In the approach based upon chiral La-
grangians, the connection is made by starting from the
same Lagrangians in the evaluation of the different pro-
cesses and applying the same low-energy constants. There-
fore, the piN LECs as determined in piN analysis are used
in NN (and 3N). In table 1, we show the very accurate
values as extracted in the Roy-Steiner equations analysis
of ref. [131,132].
4.4 The short-range NN potential
In conventional meson theory (sect. 3.2), the short-range
nuclear force is described by the exchange of heavy mesons,
notably the ω(782). Qualitatively, the short-distance be-
havior of the NN potential is obtained by Fourier trans-
form of the propagator of a heavy meson,∫
d3q
eiq·r
m2ω + q
2
∼ e
−mωr
r
. (17)
ChPT is an expansion in small momenta Q, where Q
is too small to resolve structures like a ρ(770) or ω(782)
meson, because Q  Λχ ≈ mρ,ω. But the latter relation
allows us to expand the propagator of a heavy meson into
a power series,
1
m2ω +Q
2
≈ 1
m2ω
(
1− Q
2
m2ω
+
Q4
m4ω
−+ . . .
)
, (18)
where the ω is representative for any heavy meson of in-
terest. The above expansion suggests that it should be
possible to describe the short distance part of the nuclear
force simply in terms of powers of Q/mω, which fits in well
with our over-all power expansion since Q/mω ≈ Q/Λχ.
Since such terms act directly between nucleons, they are
dubbed contact terms.
Contact terms play also an important role in renormal-
ization. Regularization of the loop integrals that occur in
multi-pion exchange diagrams typically generates polyno-
mial terms with coefficients that are, in part, infinite or
scale dependent (cf. Appendix B of ref. [124]). Contact
terms absorb infinities and remove scale and cutoff de-
pendences.
Thus, in EFT, the short-range NN potential is de-
scribed by contributions of the contact type, which are
constrained by parity, time-reversal, and the usual con-
servation laws, but not by chiral symmetry. Terms that
include a factor τ1 · τ2 (owing to isospin invariance) can
be left out due to Fierz ambiguity. Because of parity and
time-reversal only even powers of momentum are allowed.
Thus, the expansion of the contact potential is formally
written as
Vct = V
(0)
ct + V
(2)
ct + V
(4)
ct + V
(6)
ct + . . . , (19)
where the superscript denotes the power or order.
The zeroth order (leading order, LO) contact potential
is given by
V
(0)
ct (p
′,p) = CS + CT σ1 · σ2 (20)
and, in terms of partial waves,
V
(0)
ct (
1S0) = C˜1S0 = 4pi (CS − 3CT )
V
(0)
ct (
3S1) = C˜3S1 = 4pi (CS + CT ) . (21)
At second order (NLO), we have
V
(2)
ct (p
′,p) = C1 q2 + C2 k2
+
(
C3 q
2 + C4 k
2
)
σ1 · σ2
+ C5 [−iS · (q × k)]
+ C6 (σ1 · q) (σ2 · q)
+ C7 (σ1 · k) (σ2 · k) , (22)
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with k ≡ 12 (p′ + p) and S ≡ 12 (σ1 + σ2). Partial-wave
decomposition yields
V
(2)
ct (
1S0) = C1S0(p
2 + p′2)
V
(2)
ct (
3P0) = C3P0 pp
′
V
(2)
ct (
1P1) = C1P1 pp
′
V
(2)
ct (
3P1) = C3P1 pp
′
V
(2)
ct (
3S1) = C3S1(p
2 + p′2)
V
(2)
ct (
3S1 −3 D1) = C3S1−3D1p2
V
(2)
ct (
3D1 −3 S1) = C3S1−3D1p′2
V
(2)
ct (
3P2) = C3P2 pp
′ . (23)
The fourth order (N3LO) contacts are
V
(4)
ct (p
′,p) = D1 q4 +D2 k4 +D3 q2k2 +D4 (q × k)2
+
[
D5 q
4 +D6 k
4 +D7 q
2k2
+ D8 (q × k)2
]
σ1 · σ2
+
(
D9 q
2 +D10 k
2
)
[−iS · (q × k)]
+
(
D11 q
2 +D12 k
2
)
(σ1 · q) (σ2 · q)
+
(
D13 q
2 +D14 k
2
)
(σ1 · k) (σ2 · k)
+ D15 [σ1 · (q × k) σ2 · (q × k)] , (24)
with contributions by partial waves,
V
(4)
ct (
1S0) = D̂1S0(p
′4 + p4) +D1S0p
′2p2
V
(4)
ct (
3P0) = D3P0(p
′3p+ p′p3)
V
(4)
ct (
1P1) = D1P1(p
′3p+ p′p3)
V
(4)
ct (
3P1) = D3P1(p
′3p+ p′p3)
V
(4)
ct (
3S1) = D̂3S1(p
′4 + p4) +D3S1p
′2p2
V
(4)
ct (
3D1) = D3D1p
′2p2
V
(4)
ct (
3S1 −3 D1) = D̂3S1−3D1p4 +D3S1−3D1p′2p2
V
(4)
ct (
3D1 −3 S1) = D̂3S1−3D1p′4 +D3S1−3D1p′2p2
V
(4)
ct (
1D2) = D1D2p
′2p2
V
(4)
ct (
3D2) = D3D2p
′2p2
V
(4)
ct (
3P2) = D3P2(p
′3p+ p′p3)
V
(4)
ct (
3P2 −3 F2) = D3P2−3F2p′p3
V
(4)
ct (
3F2 −3 P2) = D3P2−3F2p′3p
V
(4)
ct (
3D3) = D3D3p
′2p2 . (25)
The next higher order is the sixth order (N5LO) which
creates contributions up to F -waves.
4.5 The full potential and the NN T -matrix
The fullNN potential is the sum of the long-, intermediate-
and short-range contributions:
V = Vpi + Vct . (26)
Order by order, this is given by:
VLO ≡ V (0) = V1pi + V (0)ct (27)
VNLO ≡ V (2) = VLO + V (2)2pi + V (2)ct (28)
VNNLO ≡ V (3) = VNLO + V (3)2pi (29)
VN3LO ≡ V (4) = VNNLO + V (4)2pi + V (4)3pi + V (4)ct (30)
VN4LO ≡ V (5) = VN3LO + V (5)2pi + V (5)3pi (31)
VN5LO ≡ V (6) = VN4LO + V (6)2pi + V (6)3pi + V (6)4pi
+V
(6)
ct . (32)
The two-nucleon system at low angular momentum,
particularly in S waves, is characterized by the presence of
a shallow bound state (the deuteron) and large scattering
lengths. Thus, perturbation theory does not apply. In con-
trast to pi-pi and pi-N , the interaction between nucleons is
not suppressed in the chiral limit (Q→ 0). Weinberg [22]
showed that the strong enhancement of the scattering am-
plitude arises from purely nucleonic intermediate states
(“infrared enhancement”). He therefore suggested to use
perturbation theory to calculate the NN potential (i.e.,
the irreducible graphs) and to apply this potential in a
scattering equation to obtain the NN amplitude.
The potential V is, in principal, an invariant ampli-
tude (with relativity taken into account perturbatively)
and, thus, satisfies a relativistic scattering equation, like,
e. g., the Blankenbeclar-Sugar (BbS) equation [133], which
reads,
T (p′,p) = V (p′,p) +
∫
d3p′′
(2pi)3
V (p′,p′′)
×M
2
N
Ep′′
1
p2 − p′′2 + i T (p
′′,p) (33)
with Ep′′ ≡
√
M2N + p
′′2 and MN the nucleon mass. The
advantage of using a relativistic scattering equation is that
it automatically includes relativistic kinematical correc-
tions to all orders. Thus, in the scattering equation, no
propagator modifications are necessary when moving up
to higher orders.
Defining
V̂ (p′,p) ≡ 1
(2pi)3
√
MN
Ep′
V (p′,p)
√
MN
Ep
(34)
and
T̂ (p′,p) ≡ 1
(2pi)3
√
MN
Ep′
T (p′,p)
√
MN
Ep
, (35)
where the factor 1/(2pi)3 is included for convenience, the
BbS equation collapses into the usual, nonrelativistic Lippmann-
Schwinger (LS) equation,
T̂ (p′,p) = V̂ (p′,p) +
∫
d3p′′ V̂ (p′,p′′)
× MN
p2 − p′′2 + i T̂ (p
′′,p) . (36)
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Since V̂ satisfies eq. (36), it may be used like a nonrela-
tivistic potential. By the same token, T̂ may be considered
as the nonrelativistic T -matrix.
4.6 Regularization and non-perturbative
renormalization
Iteration of V̂ in the LS equation, eq. (36), requires cutting
V̂ off for high momenta to avoid infinities. This is consis-
tent with the fact that ChPT is a low-momentum expan-
sion which is valid only for momenta Q < Λχ ≈ 1 GeV.
Therefore, it is customary to multiply the potential V̂ with
a regulator function f(p′, p),
V̂ (p′,p) 7−→ V̂ (p′,p) f(p′, p) . (37)
A frequently applied (nonlocal) regulator is
f(p′, p) = exp[−(p′/Λ)2n − (p/Λ)2n] , (38)
for which typically values of the cutoff parameter Λ around
500± 100 MeV are used.
It is pretty obvious that results for the T -matrix may
depend sensitively on the regulator and its cutoff param-
eter. This is acceptable if one wishes to build models. For
example, the meson models of the past (cf. sect. 3.2) al-
ways depended sensitively on the choices for the cutoff
parameters. Within those models, this was very welcome,
because it provided additional fit parameters to improve
the reproduction of the NN phase-shifts and data. How-
ever, this attitude is unacceptable for a proper EFT.
In field theories, divergent integrals are not uncom-
mon and methods have been developed for how to deal
with them. One regulates the integrals and then removes
the dependence on the regularization parameters (scales,
cutoffs) by renormalization. In the end, the theory and its
predictions do not depend on cutoffs or renormalization
scales.
So-called renormalizable quantum field theories, like
QED, have essentially one set of prescriptions that takes
care of renormalization through all orders. In contrast,
EFTs are renormalized order by order.
The renormalization of perturbative EFT calculations
(that is ChPT) is not a problem; hence, the renormaliza-
tion of the NN potential is not a problem.
The problem is nonperturbative renormalization [LS
eq. (36)]. This problem typically occurs in nuclear EFT
because nuclear physics is characterized by bound states
which are nonperturbative in nature. EFT power count-
ing may be different for nonperturbative processes as com-
pared to perturbative ones. Such difference may be caused
by the infrared enhancement of the reducible diagrams
generated in the LS equation.
Weinberg’s discussion in refs. [21,22] may suggest that
the contact terms introduced to renormalize the perturba-
tively calculated potential, based upon naive dimensional
analysis (“Weinberg counting”, cf. sects. 4.2 and 4.4), may
also be sufficient to renormalize the nonperturbative re-
summation of the potential in the LS equation.
Weinberg’s alleged assumption may not be correct as
first pointed out by Kaplan, Savage, and Wise (KSW) [134,
135,136] who, therefore, suggested to treat 1PE perturbatively—
a prescrition which, however, has convergence problems [137].
The KSW critique resulted in a flurry of publications on
the renormalization of the NN amplitude, and we refer
the interested reader to section 4.5 of ref. [124] for an
account of the first phase of discussion. However, even to-
day, no generally accepted solution to this problem has
emerged and some more recent proposals can be found in
refs. [126,138,139,140,141,142,143,144,145,146,147,148,
149,150,151,152,153].
Concerning the construction of quantitative NN po-
tential (by which we mean NN potentials suitable for
use in contemporary many-body nuclear methods), only
Weinberg counting has been used with success during the
past 25 years [24,25,154,155,156,157,158,159,160,161,162,
163,164,165,166,102].
In spite of the criticism, Weinberg counting may be
perceived as not unreasonable by the following argument.
For a successful EFT (in its domain of validity), one must
be able to claim independence of the predictions on the
regulator within the theoretical error. Also, truncation er-
rors must decrease as we go to higher and higher orders.
These are precisely the goals of renormalization.
Lepage [167] has stressed that the cutoff independence
should be examined for cutoffs below the hard scale and
not beyond. Ranges of cutoff independence within the the-
oretical error are to be identified using Lepage plots [167].
A systematic investigation of this kind has been conducted
in ref. [168]. In that work, the error of the predictions was
quantified by calculating the χ2/datum for the reproduc-
tion of the np elastic scattering data as a function of the
cutoff parameter Λ of the regulator function eq. (38). Pre-
dictions by chiral np potentials at order NLO and NNLO
were investigated applying Weinberg counting for the NN
contact terms. It is found that the reproduction of the np
data at lab. energies below 200 MeV is generally poor at
NLO, while at NNLO the χ2/datum assumes acceptable
values (a clear demonstration of order-by-order improve-
ment). Furthermore, at NNLO, a “plateau” of constant
low χ2 for cutoff parameters ranging from about 450 to
850 MeV can be identified. This may be perceived as cut-
off independence (and, thus, successful renormalization)
for the relevant range of cutoff parameters.
Alternatively, one may go for a compromise between
Weinberg’s prescription of full resummation of the poten-
tial and Kaplan, Savage, and Wise’s [134,135,136] sugges-
tion of perturbative pions—as discussed in ref. [152]: 1PE
is resummed only in lower partial waves and all correc-
tions are included in distorted-wave perturbation theory.
However, since current ab initio calculations are tailored
such that they need a potential as input, the question is
if there is a way to reconcile those (low-cutoff) potentials
with the approch of partially perturbative pions. A first
attempt to address this issue has recently been undertaken
by Valderrama [153].
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Fig. 10. The nuclear potential in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid dots, solid
squares, triangles, diamonds, and stars denote vertices of index ∆i = 0, 1, 2, 3, 4, and 6, respectively. Further explanations are
given in the text.
4.7 Chiral nuclear forces order by order
(vs. phenomenological and meson models)
Figure 10 provides an overview of how the nuclear poten-
tial emerges in ChPT. We will now go through this order
by order and compare to both phenomenology and meson
models discussed in sects. 3.1 and 3.2, respectively.
4.7.1 Leading order (LO)
At LO, we have the static one-pion exchange (1PE), shown
in the first row of fig. 10. As mentioned before, 1PE be-
came established in 1956 [26] and is part of any NN po-
tential model since around 1960. So, at this order, ChPT
reproduces what has been done all along.
In addition, at LO, we have two contact contributions
with no momentum dependence (∼ Q0), eq. (20). They are
signified by the four-nucleon-leg diagram with one small-
dot vertex shown in the first row of fig. 10.
In spite of its simplicity, the rough LO description cap-
tures some of the main attributes of the NN force. First,
through the 1PE it generates the tensor component of
the force known to be crucial for the two-nucleon bound
state (deuteron quadrupole moment). Second, it predicts
correctly NN phase parameters for partial waves of very
high orbital angular momentum. The two terms, eq. (21),
which result from a partial-wave expansion of the contact
term impact states of zero orbital angular momentum and
allow to fit the S-wave scattering lengths and the deuteron
binding energy.
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Fig. 11. Phase-shifts of neutron-proton scattering in the sin-
glet G-wave for all orders of ChPT from LO to N5LO, as de-
noted. The filled and open circles represent the results from
the Nijmegen multi-energy np phase-shift analysis [169] and
the GWU single-energy np analysis SP07 [170], respectively.
In fig. 11 we show the contributions to the phase shifts
in peripheral NN scattering. Note that NN scattering in
peripheral partial waves is of special interest—for several
reasons. First, these partial waves probe the long- and
intermediate-range of the nuclear force. Due to the high
angular momentum ‘barrier’, there is only small sensitiv-
ity to short-range contributions and, in fact, the contact
terms up to and including 6th order (N5LO) make no con-
tributions for orbital angular momenta L ≥ 4. Thus, for G
and higher waves and energies below the pion-production
threshold, we have a window in which the NN interac-
tion is governed by chiral symmetry alone (chiral one- and
multi-pion exchanges), and we can conduct a clean test of
how well the theory works. Due to the smallness of the
phase shifts in peripheral waves, the calculation is con-
ducted perturbatively and no regulator is applied, which
is another advantage.
In the 1G4 state shown in fig. 11, the 1PE (LO) is ob-
viously insufficient to describe the data. The difference be-
tween the 1PE prediction and the data is to be provided by
two- and three-pion exchanges, i.e. the intermediate-range
part of the nuclear force. How well that is accomplished is
a crucial test for any theory of nuclear forces, and it will
be interesting to see if and how the higher orders of ChPT
fill that gap.
4.7.2 Next-to-leading order (NLO)
Note that there are no terms with power ν = 1, as they
would violate parity conservation and time-reversal invari-
ance. Thus, NLO is ν = 2. Two-pion exchange makes its
first appearance at this order, which is why it is referred to
as “leading 2PE”. However, this leading 2PE is not “lead-
ing” at all, because it is very weak as clearly seen in fig. 11
	
Fig. 12. Interpretation of the second-order seagull graph (large
solid dot) in terms of resonance exchanges. The ci refer to the
LECs used in the L(2)piN Lagrangian.
(blue dashed curve labeled NLO). The reasons are as fol-
lows: Loops carry already the power ν = 2 [cf. eq. (7)],
and so only piNN and pipiNN vertices with ∆i = 0 can
contribute at this order. These vertices are known to be
weak. The NLO box and crossed box 2PE diagrams were
included already in some meson models of the 1970’s (cf.
first row of fig. 3) and found to be insufficient to describe
the intermediate-range attraction of the nuclear force.
At NLO, seven new contacts appear, eq. (22), which
impact L = 0 and L = 1 states, eq. (23). (As always in
fig. 10, two-nucleon contact terms are indicated by four-
nucleon-leg graphs and a single vertex of appropriate shape,
in this case a solid square.) At this power, the contact op-
erators include central, spin-spin, spin-orbit, and tensor
terms; that is, all the spin structures needed for a realistic
description of the 2NF. However, the 2NF is not realistic
at all at this order, because the medium-range attraction
lacks strength.
4.7.3 Next-to-next-to-leading order (NNLO)
At NNLO, the 2PE contains one pipiNN seagull vertex
with two derivatives (denoted by a large solid dot in fig. 10),
which is part of the L(2)piN Lagrangian and proportional
to the ci LECs [124,128]. In terms of resonance satura-
tion [171], this vertex is equivalent to correlated/resonant
2PE and intermediate ∆(1232)-isobar excitation as illus-
trated in fig. 12. Note that the NNLO football diagram
in fig. 10 vanishes (for purely mathematical reasons), and
only the triangle diagram with one large solid dot con-
tributes. Interpreting this vertex according to fig. 12 sug-
gests that the NNLO triangle is equivalent to the 2piN∆,
pipi-SCORR (' σ) and ρ diagrams of fig. 3. Thus, there are
strong parallels between conventional meson theory and
chiral EFT, which is further elucidated in fig. 13.
As was already well known from conventional meson
theory [50,73], a 2PE which includes resonance exchange
generates the strong intermediate-range attraction needed
for a realistic NN force. The N2LO (or NNLO) phase
shifts in fig. 11 clearly confirm it.
Besides 2NF contributions, the diagramatic display in
fig. 10 includes also many-nucleon forces. Three-nucleon
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Fig. 13. ChPT versus conventional meson theory for the NN
interaction.
forces appear at NLO, but their net contribution vanishes
at that order [23]. The first non-zero 3NF contribution is
found at NNLO [172,173]. It is therefore easy to under-
stand why 3NF are very weak as compared to the 2NF
which contributes already at (Q/Λχ)
0.
4.7.4 Next-to-next-to-next-to-leading order (N3LO)
Starting at N3LO, the number of diagrams grows out of
proportion, such that, in fig. 10, we can display only a few
representative samples of them. There is a large attractive
one-loop 2PE contribution (the bubble diagram with two
large solid dots), which leads to an over-estimation of the
medium-range attraction (cf. fig. 11). The equivalent dia-
gram from conventional meson theory is clearly the double
∆-exitation, 2pi∆∆, shown in fig. 3, also known to be very
attractive [73].
Two-loop 2PE makes its first appearance (but it is
small at this order). Finally, 3PE occurs for the first time,
but has negligible size [174,175].
The most important feature is the presence of 15 ad-
ditional contacts ∼ Q4, eq. (24), signified by the four-
nucleon-leg diagram with the diamond-shaped vertex. These
contacts impact states with orbital angular momentum up
to L = 2 [cf. eq. (25)], and are the reason for the quanti-
tative description of the two-nucleon force (up to approx-
imately 300 MeV in terms of laboratory energy) at this
order [124,155].
More 3NF diagrams show up at N3LO [176,177], as
well as the first contributions to four-nucleon forces (4NF) [178]
We then see that forces involving more and more nucle-
ons appear for the first time at higher and higher orders,
which gives theoretical support to the fact that 2NF 
3NF  4NF, etc..
4.7.5 N4LO
Further (two-loop) 2PE and 3PE occur at N4LO (fifth
order) [129]. They turn out to be moderately repulsive
(cf. fig. 11), thus compensating for the surplus attraction
generated at N3LO by the bubble diagram with two solid
dots.
In this context, it is worth noting that also in con-
ventional meson theory [50,73] (sect. 3.2.2) the one-loop
models for the 2PE contribution always show some excess
attraction (cf. fig. 10 of ref. [124]). The same is true for
the dispersion theoretic approach pursued by the Paris
group (see, e. g., the predictions for 1D2,
3D2, and
3D3
in fig. 8 of ref. [71] which are all too attractive). In con-
ventional meson theory [50,73], this surplus attraction is
compensated by heavy-meson exchanges (ρ-, ω-, and piρ-
exchange) which, however, have no place in chiral effective
field theory. Instead, in the latter approach, two-loop 2pi-
and 3pi-exchanges provide the corrective action.
The long- and intermediate-range 3NF contributions
at this order have been evaluated [128,179], but not yet ap-
plied in nuclear structure calculations. They are expected
to be sizeable. Moreover, a new set of 3NF contact terms
appears [180]. The N4LO 4NF has not been derived yet.
Due to the subleading pipiNN seagull vertex (large solid
dot), this 4NF could be sizeable.
4.7.6 N5LO
We, finally, turn to N5LO (sixth order). The dominant
2PE and 3PE contributions to the 2NF have been derived
by Entem et al. in ref. [130]. The effects are small indi-
cating the desired trend towards convergence of the chiral
expansion for the 2NF. The final result is right on the
data, see fig. 11. In addition, a new set of 26 NN contact
terms ∼ Q6 occurs that contributes up to F -waves (repre-
sented by the NN diagram with a star in fig. 10), bringing
the total number of NN contacts to 50 [181]. The three-,
four-, and five-nucleon forces of this order have not yet
been derived.
4.8 Quantitative chiral NN potentials
The previous section was mainly focused on the (long- and
intermediate-ranged) pion-exchange contributions to the
NN interaction, which are governed by chiral symmetry
and control the higher partial waves. However, a complete
NN potential must include also the lower partial waves,
where the short-range force represented by contact terms
plays a crucial role. Thus, complete NN potentials depend
on two sets of parameters, the piN and the NN LECs.
The piN LECs are the coefficients that appear in the piN
Langrangians and are determined in piN analysis [131,132]
(cf. table 1). The NN LECs are the coefficients of the NN
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Fig. 14. Chiral expansion of neutron-proton scattering as represented by the phase shifts in S, P , and D waves and mixing
parameters 1 and 2. Five orders ranging from LO to N
4LO are shown as denoted. Filled and open circles as in fig. 11. (From
ref. [102].)
Table 2. χ2/datum for the fit of the 2016 NN data base by NN potentials at various orders of chiral EFT. (From ref. [102].)
Tlab bin (MeV) No. of data LO NLO NNLO N
3LO N4LO
proton-proton
0–100 795 520 18.9 2.28 1.18 1.09
0–190 1206 430 43.6 4.64 1.69 1.12
0–290 2132 360 70.8 7.60 2.09 1.21
neutron-proton
0–100 1180 114 7.2 1.38 0.93 0.94
0–190 1697 96 23.1 2.29 1.10 1.06
0–290 2721 94 36.7 5.28 1.27 1.10
pp plus np
0–100 1975 283 11.9 1.74 1.03 1.00
0–190 2903 235 31.6 3.27 1.35 1.08
0–290 4853 206 51.5 6.30 1.63 1.15
contact terms, eqs. (20)-(25). They are fixed by an optimal
fit to the NN data below pion-production threshold, see
ref. [102] for details.
NN potentials are then constructed order by order
and the accuracy improves as the order increases. How
well the chiral expansion converges in important lower
partial waves is demonstrated in fig. 14, where we show
phase parameters for potentials developed through all or-
ders from LO to N4LO [102]. 5 These figures clearly reveal
5 Alternative chiral NN potentials can be found in refs. [154,
155,156,157,158,159,160,161,162,163,164,165,166].
substantial improvements in the reproduction of the em-
pirical phase shifts with increasing order.
More indicative for the quality of a theory is the ability
to reproduce original data. Therefore, we show in table 2
the χ2/datum for the reproduction of the NN data at
various orders of chiral EFT. The bottom line of table 2
summarizes the essential point. For the close to 5000 pp
plus np data below 290 MeV (pion-production threshold),
the χ2/datum is 51.4 at NLO and 6.3 at NNLO. Note that
the number of NN contact terms is the same for both
orders. The improvement is entirely due to an improved
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description of the 2PE contribution at NNLO as discussed
in the previous section. Continuing on the bottom line of
table 2, after NNLO, the χ2/datum further improves to
1.63 at N3LO, which is largely due to an increase in the
number of contact terms. Finally at N4LO, the almost
perfect value of 1.15 is achieved—great convergence.
The evolution of the deuteron properties from LO to
N4LO of chiral EFT is shown in table 3. In all cases,
the deuteron binding energy is fit to its empirical value
of 2.224575 MeV using the non-derivative 3S1 contact.
All other deuteron properties are predictions. Already at
NNLO, the deuteron has converged to its empirical prop-
erties and stays there through the higher orders.
At the bottom of table 3, we also show the predictions
for the triton binding as obtained in 34-channel charge-
dependent Faddeev calculations using only 2NFs. The re-
sults show smooth and steady convergence, order by or-
der, towards a value around 8.1 MeV that is reached at the
highest orders shown. This contribution from the 2NF will
require only a moderate 3NF. The relatively low deuteron
D-state probabilities (≈ 4.1% at N3LO and N4LO) and
the concomitant generous triton binding energy predic-
tions are a reflection of the fact that the NN potentials of
ref. [102] are soft (which is, at least in part, due to their
non-local character).
4.9 Chiral many-body forces
Two-nucleon forces derived from chiral EFT have been ap-
plied, often successfully, in the many-body system. On the
other hand, over the past several years we have also learnt
that, for some few-nucleon reactions and nuclear structure
issues, 3NFs are indispensable. The most well-known cases
are the so-called Ay puzzle of N -d scattering [114], the
ground state of 10B [183], and the saturation of nuclear
matter [184,185,186,187,188,103]. As we observed previ-
ously, the EFT approach generates consistent two- and
many-nucleon forces in a natural way (cf. the overview
given in fig. 10). We now shift our focus to chiral three-
and four-nucleon forces.
4.9.1 Three-nucleon forces
Weinberg [23] was the first to discuss nuclear three-body
forces in the context of ChPT. Not long after that, the
first 3NF at NNLO was derived by van Kolck [172].
For a 3NF, we have A = 3 and C = 1 and, thus, eq. (5)
implies
ν = 2 + 2L+
∑
i
∆i . (39)
This allows to analyze 3NF contributions in a systematic
way.
Next-to-leading order The lowest possible power is obvi-
ously ν = 2 (NLO), which occurs in the absence of loops
(L = 0) and with only leading vertices (
∑
i∆i = 0). As
(a) (b) (c)
Fig. 15. The three-nucleon force at NNLO with (a) 2PE, (b)
1PE, and (c) contact diagrams. Notation as in fig. 10.
discussed by Weinberg [23] and van Kolck [172], the con-
tributions from these diagrams vanish at NLO. So, the
bottom line is that there is no genuine 3NF contribution
at NLO. The first non-vanishing 3NF appears at NNLO.
Next-to-next-to-leading order The power ν = 3 (NNLO)
is obtained when there are no loops (L = 0) and
∑
i∆i =
1, i.e., ∆i = 1 for one vertex while ∆i = 0 for all other
vertices. There are three topologies which fulfill this con-
dition, known as the 2PE, 1PE, and contact graphs [172,
173] (fig. 15).
The 2PE 3N-potential is derived to be
V 3NF2PE =
(
gA
2fpi
)2
1
2
∑
i 6=j 6=k
(σi · qi)(σj · qj)
(q2i +m
2
pi)(q
2
j +m
2
pi)
F abijk τ
a
i τ
b
j
(40)
with qi ≡ pi′ − pi, where pi and pi′ are the initial and
final momenta of nucleon i, respectively, and
F abijk = δ
ab
[
−4c1m
2
pi
f2pi
+
2c3
f2pi
qi · qj
]
+
c4
f2pi
∑
c
abc τ ck σk · [qi × qj ] . (41)
It is interesting to observe that there are clear analo-
gies between this force and earlier 2PE 3NFs already pro-
posed decades ago, particularly the Fujita-Miyazawa [88]
and the Tucson-Melbourne (TM) [94] forces (cf. sect. 3.3).
In fact, based upon the chiral 3NF at NNLO, the TM force
was corrected [189] leading to what became known as the
TM’ or TM99 force [190].
The 2PE 3NF does not introduce additional fitting
constants, since the LECs c1, c3, and c4 are already present
in the 2PE 2NF. Besides, since ci’s determined in piN anal-
ysis [131,132] are used, the consistency of the chiral 2PE
3NF with the empirical piN amplitude is automatic and
guaranteed (cf. discussion of this issue in sect. 3.3).
The other two 3NF contributions shown in fig. 15 are
given by
V 3NF1PE = −D
gA
8f2pi
∑
i6=j 6=k
σj · qj
q2j +m
2
pi
(τ i · τ j)(σi · qj) (42)
and
V 3NFct = E
1
2
∑
i6=j 6=k
τ i · τ j . (43)
These 3NF potentials introduce two additional constants,
D and E, which can be constrained in more than one way.
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Table 3. Two- and three-nucleon bound-state properties as predicted by NN potentials at various orders of chiral EFT
(Λ = 500 MeV in all cases). (Deuteron: Binding energy Bd, asymptotic S state AS , asymptotic D/S state η, structure radius
rstr, quadrupole moment Q, D-state probability PD; the predicted rstr and Q are without meson-exchange current contributions
and relativistic corrections. Triton: Binding energy Bt.) Bd is fitted, all other quantities are predictions. (From ref. [102].)
LO NLO NNLO N3LO N4LO Empiricala
Deuteron
Bd (MeV) 2.224575 2.224575 2.224575 2.224575 2.224575 2.224575(9)
AS (fm
−1/2) 0.8526 0.8828 0.8844 0.8853 0.8852 0.8846(9)
η 0.0302 0.0262 0.0257 0.0257 0.0258 0.0256(4)
rstr (fm) 1.911 1.971 1.968 1.970 1.973 1.97507(78)
Q (fm2) 0.310 0.273 0.273 0.271 0.273 0.2859(3)
PD (%) 7.29 3.40 4.49 4.15 4.10 —
Triton
Bt (MeV) 11.09 8.31 8.21 8.09 8.08 8.48
aSee table XVIII of ref. [48] for references; the empirical value for rstr is from ref. [182].
One may use the triton binding energy and the nd doublet
scattering length 2and [173] or an optimal global fit of the
properties of light nuclei [191]. Alternative choices include
the binding energies of 3H and 4He [192] or the binding
energy of 3H and the point charge radius of 4He [184]. An-
other method makes use of the triton binding energy and
the Gamow-Teller matrix element of tritium β-decay [193].
When the values of D and E are determined, the results
for other observables involving three or more nucleons are
true theoretical predictions.
Applications of the leading 3NF include few-nucleon
reactions [173,194,195], structure of light- and medium-
mass nuclei [161,196,197,198,199,200,201,202,203,204,205,
206,207,208,209], and infinite matter [185,186,187,188,
103,184,210,211,212], often with satisfactory results. Some
problems, though, remain unresolved, such as the well-
known ‘Ay puzzle’ [173,114,195].
In summary, the leading 3NF of ChPT is a remarkable
contribution. It gives validation to, and provides a bet-
ter framework for, 3NFs which were proposed already five
decades ago; it alleviates existing problems in few-nucleon
reactions and the spectra of light nuclei. Nevertheless, we
still face several challenges. With regard to the 2NF, we
have discussed earlier that it is necessary to go to order
four or even five for convergence and high-precison pre-
dictions. Thus, the 3NF at N3LO must be considered sim-
ply as a matter of consistency with the 2NF sector. At
the same time, one hopes that its inclusion may result in
further improvements with the aforementioned unresolved
problems.
Next-to-next-to-next-to-leading order At N3LO, the loop
diagrams shown in fig. 16 occur. Since a loop carries L = 1,
all ∆i have to be zero to ensure ν = 4 [cf. eq. (39)]. Thus,
these one-loop 3NF diagrams can include only leading or-
der vertices, the parameters of which are fixed from piN
and NN analysis. The diagrams have been evaluated by
the Bochum-Bonn group [176,177]. The long-range part of
the chiral N3LO 3NF has been tested in the triton and in
(a) (b) (c) (d) (e)
Fig. 16. Leading one-loop 3NF diagrams at N3LO. We show
one representative example for each of five topologies, which
are: (a) 2PE, (b) 1PE-2PE, (c) ring, (d) contact-1PE, (e)
contact-2PE. Notation as in fig. 10.
(a) (b) (c) (d) (e)
Fig. 17. Sub-leading one-loop 3NF diagrams which appear at
N4LO with topologies similar to fig. 16. Notation as in fig. 10.
(a) (b) (c)
Fig. 18. 3NF tree graphs at N4LO (ν = 5) denoted by: (a)
2PE, (b) 1PE-contact, and (c) contact. Notation as in fig. 10.
three-nucleon scattering [213] leaving the N -d Ay puzzle
unresolved. The long- and short-range parts of this force
have been applied in nuclear and neutron matter calcu-
lations [214,215,216,217] as well as in the structure of
medium-mass nuclei [218,219].
The 3NF at N4LO In regard to some unresolved issues,
one may go ahead and look at the next order of 3NFs,
which is N4LO or ν = 5. The loop contributions that occur
at this order are obtained by replacing in the N3LO loops
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one vertex by a ∆i = 1 vertex (with LEC ci), fig. 17, which
is why these loops may be more sizable than the N3LO
loops. The 2PE, 1PE-2PE, and ring topologies have been
evaluated [128,179] so far. In addition, we have three ‘tree’
topologies (fig. 18), which include a new set of 3N contact
interactions that has been derived by the Pisa group [180].
The N4LO 3NF contacts have been applied with success in
calculations of few-body reactions at low energy solving the
p-d Ay puzzle [220], fig. 19.
4.9.2 Four-nucleon forces
For connected (C = 1) A = 4 diagrams, eq. (5) yields
ν = 4 + 2L+
∑
i
∆i . (44)
We then see that the first (connected) non-vanishing 4NF
is generated at ν = 4 (N3LO), with all vertices of leading
type, fig. 20. This 4NF has no loops and introduces no
novel parameters [178].
For a reasonably convergent series, terms of order (Q/Λχ)
4
should be small and, therefore, chiral 4NF contributions
are expected to be very weak. This has been confirmed in
calculations of the energy of 4He [222] as well as neutron
matter and symmetric nuclear matter [214].
The effects of the leading chiral 4NF in symmetric nu-
clear matter and pure neutron matter have been worked
out by Kaiser et al. [223,224].
4.10 Uncertainty quantification
When applying chiral two- and many-body forces in ab
initio calculations producing predictions for observables
of nuclear structure and reactions, major sources of un-
certainties are [225]:
1. Experimental errors of the input NN data that the
2NFs are based upon and the input few-nucleon data
to which the 3NFs are adjusted.
2. Uncertainties in the Hamiltonian due to
(a) uncertainties in the determination of the NN and
3N contact LECs,
(b) uncertainties in the piN LECs,
(c) regulator dependence,
(d) EFT truncation error.
3. Uncertainties associated with the few- and many-body
methods applied.
For a thorough discussion of all aspects, see ref. [102],
where it was concluded that regulator dependence and
EFT truncation error are the major source of uncertainty.
The choice of the regulator function and its cutoff pa-
rameter creates uncertainty. Originally, cutoff variations
were perceived as a demonstration of the uncertainty at a
given order (equivalent to the truncation error). However,
in various investigations [187,162] it has been shown that
this is not correct and that cutoff variations, in general,
underestimate this uncertainty. Therefore, the truncation
error is better determined by sticking literally to what
‘truncation error’ means, namely, the error due to ignor-
ing contributions from orders beyond the given order ν.
The largest such contribution is the one of order (ν + 1),
which one may, therefore, consider as representative for
the magnitude of what is left out. This suggests that the
truncation error at order ν can reasonably be defined as
∆Xν = |Xν −Xν+1| , (45)
where Xν denotes the prediction for observable X at order
ν. If Xν+1 is not available, then one may use,
∆Xν = |Xν−1 −Xν |Q/Λ , (46)
choosing a typical value for the momentum Q, or Q = mpi.
Alternatively, one may also apply more elaborate defini-
tions, like the one given in ref. [162]. Note that one should
not add up (in quadrature) the uncertainties due to reg-
ulator dependence and the truncation error, because they
are not independent. In fact, it is appropriate to leave out
the uncertainty due to regulator dependence entirely and
just focus on the truncation error [162]. The latter should
be estimated using the same cutoff (e. g., Λ = 500 MeV)
in all orders considered.
The bottom line is that the most substantial uncer-
tainty is the truncation error. This is the dominant source
of (systematic) error that can be reliably estimated in the
EFT approach.
5 Conclusions
In this article, we have contrasted the traditional models
for nuclear forces with the chiral EFT approach. The prin-
cipal superiority of chiral EFT lies in the fact that—via
symmetries—it is much more closely related to low-energy
QCD than any of the earlier phenomenologies.
Moreover, while in the traditional (meson-theoretic)
approach nuclear forces are expressed as an expansion in
terms of decreasing ranges (or increasing meson masses),
chiral EFT is an expansion in powers of (low) nucleon mo-
menta. Such expansion allows to estimate the uncertainty
of the predictions. Via fig. 12, we showed that there is a
close relationship between both schemes, as it should be,
since, afterall, both deal with the same basic content (cf.
also fig. 13). However, while the contributions represented
in figs. 1-4 offer no formal guidance concerning what is
more or less important, the order-by-order hierarchy of
fig. 10 introduces a superior scheme.
The advantage of the chiral EFT approach becomes
even more obvious for multi-nucleon forces. The suggested
3NFs that were advanced during Era II, figs. 5-9, show
a jumble of contributions whose individual relevance and
size are hard to estimate. Diagrams such as those shown in
figs. 5-9 have been included in microscopic calculations in
a more or less arbitrary way and with questionable success
as discussed in sect. 3.3. Thus, the many-body force sector,
in particular, calls for more and better systematics. The
order-by-order arrangement in chiral EFT as shown in the
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FIG. 8. Same as Fig. 1 but for the models that include all the
T = 1/2 subleading contact operators, without the UIX TNI.
contributions, which would also be leading in the large-Nc
counting.
B. Relativistic counting
A different kind of hierarchy among subleading contact
operators can be deduced in the framework of the recently pro-
posed relativistic counting for the NN contact operators [30].
In this approach, one retains, in the leading-order Lagrangian,
all relativistically invariant four-nucleon operators involving
no space-time derivatives,
L(0)NN = 12 [CS ( ¯ψψ )( ¯ψψ )+CP( ¯ψγ5ψ )( ¯ψγ5ψ )
+CV ( ¯ψγ µψ )( ¯ψγµψ )+CA( ¯ψγ µγ5ψ )( ¯ψγµγ5ψ )
+CT ( ¯ψσµνψ )( ¯ψσµνψ )], (53)
TABLE IV. Same as Table II for the models corresponding to the
leading order of the large-Nc expansion.
% (MeV) 200 300 400 500
χ 2/d.o.f. 2.0 1.9 2.0 2.1
e0 −0.309 −1.766 −1.676 −0.953
e1 0.328 0.400 0.557 0.717
e4 −0.360 0.317 0.517 0.593
e6 −0.060 0.115 0.162 0.297
e7 10.093 15.037 15.898 17.862
e8 3.559 5.371 5.397 5.961
e10 0.655 0.800 1.115 1.433
a2 (fm) 0.668 0.653 0.640 0.628
a4 (fm) 6.32 6.32 6.32 6.32
FIG. 9. Fit results in the leading order of the large-Nc limit to
a set of cross section and polarization p-d observables at 3 MeV
proton energy, for % = 200–500 MeV (red bands) as compared to
the purely two-body AV18 interaction (dashed, black lines) and to
the AV18+UIX two- and three-nucleon interaction (dashed-dotted,
blue lines).
where ψ collects the Dirac spinor nucleon fields. In contrast
to common practice, one does not expand around the static
nucleon limit, which would amount to collapsing the five
LECs onto two independent combinations, Eq. (36), which
parametrize the central and spin-spin short-range potential.
Instead, all five LECs are considered on an equal footing,
generating further spin operators, among which the spin-orbit
term. This procedure yields a much faster convergence of
the low-energy expansion, since at each order there are more
adjustable parameters. We can apply the same procedure to
the three-nucleon case by writing all possible relativistically
invariant six-nucleon operators, symmetric under isospin,
charge-conjugation (C), parity (P), and time reversal (T )
transformations. The transformation properties of the differ-
ent space-time and isospin structure inside fermion bilinears
under the discrete symmetries are displayed in Table V. Based
TABLE V. Transformation properties of the fermion bilinears
with the different elements of the Clifford and flavour algebra, and
Levi-Civita tensor under parity (P), charge conjugation (C), and
Hermitian conjugation (H.c.).
1 γ5 γµ γµγ5 σµν τ a ϵµνρσ
P + – + – + + –
C + + – + – (−1)a+1 +
H.c. + – + + + + +
054003-9
Fig. 19. Cross section and polarization observables of p-d scattering at 3 MeV proton energy as predicted by the AV18 2NF
(black dashed lines), the AV18 2NF + UIX 3NF (blue dash-dotted lines), and calculations that include chiral N4LO 3NF contact
terms (red bands). The width of the red bands reflect the perceived uncertainty of the predictions. Data from ref. [221]. (Figure
reproduced from ref. [220] with permission.)
Fig. 20. Leading four-nucleon force at N3LO.
overview of fig. 10 and detailed in figs. 15-20 introduces
this much needed organization.
To summarize, the s rong formal points which render
chiral EFT superior to the traditional phenomenlogical or
meson-theoretic approaches are: Chiral EFT
– is rooted in low-energy QCD (sect. 4);
– is, in principal, model-independent (sect. 4.6);
– occurs with an organizational scheme (‘power count-
ing’, sect. 4.2) that allows to quantify the uncertainty
of predictions (sect. 4.10);
– generates two- and many-body forces on an equal foot-
ing (cf. fig. 10 and sect. 4.7).
But the strength of chiral EFT extends beyond a purely
f rmal level. Ab i ito calcul tions applying chiral nuclear
f rces are much more successful and quantitative than cal-
culations applying the traditional two- and three-body
forces. We recall here only a few although outstanding
examples. An old problem in microscopic nuclear theory
has been the proper explanation of nuclear matter satura-
tion. Thoug it was speculated early on that the addition
of a 3NF might solve the problem, nonrelativistic calcu-
lations with phenomenological 3NFs failed to do so [77,
100,105] as demonstrated in fig. 7. In contrast, the chiral
3NF at only leading order (NNLO) has the ability to solve
th t pr blem [184,185,186,187,188,103] (cf. fig. 7). Sim-
ilar observations can be made about intermediate-mass
nuclei: While the traditional approach fails badly in the
intermediate-mass region [112], chiral EFT based two- and
three-body forces generate excellent predictions [161,205,
206,207,208,209,219] (fig. 21). The N -d Ay puzzle, which
could nev r be resolved with phenomenological 3NFs [115],
is another example for the success of EFT based 3NFs
(this time, of higher order) [220], see fig. 19.
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Fig. 21. Ground-state energies (top panel) and point-proton
rms radii (bottom panel) for selected medium-mass isotopes as
obtained in the ab initio many-body calculations by the group
of Roth [219] at various orders of chiral EFT as explained in the
legend. The light blue and pink bands represent the uncertain-
ties at N2LO and N3LO, respectively, due to truncation error.
Black bars indicate the experimental data. (Figure courtesy of
R. Roth)
Thus, it is fair to say that chiral EFT represents sub-
stantial progress and improvement as compared to the
traditional approaches. But since EFT is a field theory,
the standards to which it must measure up are higher
than for a model. A sound EFT must be renormalizable
and allow for a proper power counting (order-by-order ar-
rangement). The presently used chiral nuclear potentials
are based on naive dimensional analysis (‘Weinberg count-
ing’, sect. 4.2) and apply a cutoff regularization scheme
(sect. 4.6). In that scheme, one wishes to see cutoff in-
dependence of the results. Such independence is seen to a
good degree below the breakdown scale [168,212,186], but
to which extent that is satisfactory is controversial. The
problem is due to the nonperturbative resummation nec-
essary for typical nuclear physics problems (bound states).
However, there is hope that from the current discussion [126,
138,139,140,141,142,143,144,145,146,147,148,149,150,151]
constructive solutions may emerge [152,153].
In conclusion, considering both formal aspects and ev-
idence of successful applications, one may say that chiral
EFT has brought a considerable degree of satisfaction to
the field of nuclear forces. It is unclear, though, whether
the remaining unresolved issues will be settled in a satis-
factory manner in the near future.
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